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A relation between the Schro¨dinger wave functional and the Cliord valued wave
function on the space of eld and space-time variables, which appears in what
we call precanonical quantization of elds and fulls a Dirac-like wave equation,
is discussed. The Schro¨dinger wave functional is argued to be the trace of the
positive frequency part of the continual product over all space points of the values
of the above wave function restricted to a Cauchy surface. The functional dif-
ferential Schro¨dinger equation is derived as a consequence of the Dirac-like wave
equation.
1 Introduction
Precanonical approach to eld quantization [1{5] is based on a generalization of the
Hamiltonian formulation from mechanics to eld theory which requires no space+time
decomposition and manages to incorporate the eld dynamics into an analogue of the
phase space which is nite dimensional. The generalizations of this kind have been
long known in the calculus of variations [6, 8, 9]. The simplest, and the basic for the
present paper example of such a generalization is the so-called DeDonder-Weyl (DW)
formulation: given a Lagrangian density L(ya; ya; x
), a function of eld variables ya,
their space-time derivatives (rst jets) ya and space-time variables x
, one introduces
new Hamiltonian-like variables pa := @L=@y
a
 (polymomenta) and H = H(y
a; pa ; x
) :=
†On leave from Tallinn Technical University, 19086 Tallinn, Estonia.
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@y
apa − L (the DW Hamiltonian function) and writes the eld equations in the ap-




















In this formulation elds are viewed as sections ya(x) in a bundle of the eld
variables over the space time, a nite dimensional conguration bundle with the local
coordinates (ya; x). In a sense the formulation (1.1) can be considered as a \muliti-
time" generalization of the Hamiltonian formulation to eld theory as the space and
time variables are present in (1.1) on equal footing as analogues of the time variable
in mechanics. As a byproduct, this treatment makes the formulation applicable even
when the space-time is not globally hyperbolic. The analogue of the phase space in-
volved in (1.1) is a nite dimensional space of variables (ya; pa ; x
) called the (extended)
polymomentum phase space.
The manifest covariance and the \nite dimensionality" in the above sense are
the common features of a whole class of Hamiltonian-like formulations known from the
theory of Lepagean equivalents in the calculus of variation [8{11]. The above men-
tioned DeDonder-Weyl formulation represents the most straightforward generalization
of Hamilton’s formulation in mechanics. Other Lepagean theories are based on more
sophisticated denitions of polymomenta and the covariant Hamiltonian functions H
and still remain poorly known.
The appropriate Poisson bracket operation for the formulation (1.1) has been in-
troduced in [12, 13] (see also [14{16] for recent generalizations). The Poisson brackets
are dened on dierential forms playing the role of dynamical variables and lead to
a Gerstenhaber algebra structure which generalizes the Poisson algebra of observables
in classical mechanics. The structures of the Hamiltonian formalism in mechanics are
reproduced in the case of (0 + 1)-dimensional \eld theory". The Poisson bracket on
forms enables us to specify the notion of canonically conjugate eld and polymomenta
variables and to write the DW Hamiltonian equations in Poisson bracket formulation in
which the bracket with H is related to the operation of the total exterior dierentiation,
the latter generalizing the total time derivative in the Poisson bracket formulation of
the equations of motion in mechanics.
Quantization based on these structures leads to the idea of a partial dierential
Schro¨dinger equation for the wave function on the covariant conguration space: Ψ =
Ψ(ya; x). The following Dirac-like equation has been put forward as a \multi-temporal"
covariant generalization of the Schro¨dinger equation from quantum mechanics to eld
theory [1{3]:
ihγ@Ψ = ĤΨ; (1.2)
where Ĥ denotes the operator of the DW Hamiltonian, and  is a (large) constant of
the dimension length−3 (in n = 4 space-time dimensions) which is interpreted as corre-
sponding to the ultra-violet cuto of the volume of the k-space (or inverse characteristic
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\minimal volume" in x-space); and Ψ = Ψ(ya; x) is a Cliord (or spinor) valued wave
function of a quantized eld. Note that  appears on purely dimensional grounds.
The probabilistic interpretation of the wave function Ψ(ya; x) follows from the




dy ΨγΨ = 0 (1.3)
which can be derived from (1.2). One can interpret Ψ(ya; x) as the probability ampli-
tude of nding the eld value ya in (the vicinity of) the space-time point x. Obviously,
the description of quantized elds in terms of this wave function is fundamentally dif-
ferent from any standard description of quantum elds.
The choice of the wave equation (1.2) is based on the observations that (i) it
fulls an analogue of the Ehrenfest theorem in the sense that the DW Hamiltonian
equations (1.1) can be derived from (1.2) as the equations for the expectation values of
properly chosen operators [2,3], and that (ii) in the classical limit (1.2) can be reduced
to the Hamilton-Jacobi equation of the De Donder-Weyl theory (see Sect. 3 and [6,7])
by means of the ansatz Ψ = ReiS
µγµ=h, where S are eikonal functions of the DW
Hamilton-Jacobi theory (see Sect. 3) [1, 3].
Quantization of a small Lie subalgebra of canonically conjugate eld and poly-
momenta variables (given by proper dierential forms) [3, 12] suggests the following





where the constant  appears again on dimensional grounds.
It is noteworthy that the \multi-temporal" quantum theoretic formalism, which
appears here as a way of description of quantized elds, is a hypercomplex extension
of the formalism of quantum mechanics in which the wave functions and operators
take values in the Cliord algebra of the underlying space-time manifold. Quantum
mechanics appears then as a particular case corresponding to a (0 + 1)-dimensional
eld theory, when the corresponding Cliord algebra of (0 + 1)-dimensional space-time
is just the algebra of the complex numbers.
The elements of precanonical quantization, as outlined above, of course, dier sig-
nicantly from any presently known description of quantum elds. Their relation to
the elements of the commonly practised quantum eld theory are far from being imme-
diately obvious. This is the purpose of the present paper to clarify at least one aspect
of this relation, namely the connection between the wave function Ψ(ya; x) and the
Schro¨dinger functional, and the relation between the Dirac-like wave equation (1.2) and
the functional Schro¨dinger equation. The possibility to establish such a connection is an
additional argument in favour of the wave equation (1.2) and precanonical quantization.
3
2 Quantization of the Scalar Field
In this section we outline canonical and precanonical quantization of the free scalar eld








Our main purpose is to present a background on both approaches necessary for the
discussion of an interplay between them in the subsequent sections.
2.1 Canonical quantization
Let us recall basic elements of canonical quantization of the scalar eld in the func-
tional Schro¨dinger representation [19]. The canonical momentum is dened as (x) =
@L=@(@ty(x)) and the canonical Hamiltonian functional, which is a functional of y(x)
and (x), as H :=
∫
dx (@ty(x)(x) − L):1 From the Lagrangian (2.1) one obtains:











Quantization of the canonical Poisson brackets leads to the realization
^(x) = −i 
y(x)
(2.3)
in the functional Scro¨dinger representation when the quantum states are described by a
time dependent functional of eld congurations y(x): ΨS = ΨS([y(x)]; t) which fulls
the functional Schro¨dinger equation
i@tΨS = ĤSΨS; (2.4)














The ground (vacuum) state wave functional of this Hamiltonian operator can be rep-














1Here and in what follows bold capital letters are reserved to designate functionals; x = xi are the
spatial components of a four-vector xµ := (xi, xt).
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The excited states are known to correspond to the multi-particle (Fock) states which












on the vacuum wave functional (2.6).
2.2 Precanonical quantization
Now, let us apply the to the scalar eld the procedure outlined in the Introduction.









Precanonical quantizaton leads to the realisation of the operators of polymomenta in
the form
p^ = −iγ@y (2.10)







In our previous papers [1, 3] we presented a solution of the generalized Schro¨dinger
equation (1.2) with the DW Hamiltonian operator (2.11) in the basis where the latter
is diagonal. However, the fact that there is no physical interpretation of H on the
classical level implies that this basis is not physical. One should diagonalize an operator
representing a physical quantity, such as the energy.
Obviously, one can rewrite (1.2) in the space+time decomposed form
i@tΨ = −ii@iΨ +  1

ĤΨ =: ÊΨ (2.12)
and interpret the operator Ê dened in the right hand side as the energy operator, as
it represents the time evolution.
Equation (2.12) is best solved in the Fourier space where it takes the form




where k := (ki; kt). Taking into account that m2 in (2.11) can be written as m2 =
(qγ
)2 for some q = (q; !q), !q :=
p
m2 + q2, one can nd the ground state, (N = 0),













qi. Higher excited states can be
easily found to correspond to kN = (N +
1
2
)q. They can be generated by acting on











3 Canonical vs. Precanonical I: Hamilton-Jacobi equations
A brief comparison of the above two approaches to quantization of the scalar eld seem
to reveal a huge conceptual distance between the both. In view of the well estab-
lished success of the canonical quantization approach this might mean a no-go sentence
to the precanonical approach. This conclusion, however, appears to be rather hasty.
A closer look at the character of interplay between the classical DW theory and the
canonical Hamiltonian formalism, especially the interrelation between the correspond-
ing Hamilton-Jacobi equations, which is discussed below, suggests a general method-
ology of establishing a connection between the fundamental equations of precanonical
and canonical quantization approaches which is used in Sect. 4.
Various aspects of the interplay between the precanonical DW theory and the
canonical Hamiltonian formalism on the classical level have been discussed earlier [20,
17]. In the same spirit, a relation of the (precanonical) Poisson brackets on dierential
forms, which are \equal-point" in a sense, to the equal-time canonical brackets has
been discussed in [12] (see also [18] for a related earlier discussion and [16] for a recent
more detailed treatment). A general idea of relating the precanonical quantities and
structures to the canonical ones is that one restricts the former to the Cauchy surface
 in the covariant conguration space, : (y = y(x); t = const), and then integrates
over it.
For the purposes of the present paper it is especially interesting to see how the func-
tional dierential Hamilton-Jacobi equation of the canonical approach can be related
to the partial derivative Hamilton-Jacobi equations corresponding to the precanonical
(Lepagean) theories. The question is of particular interest due to the fact that the cor-
responding Hamilton-Jacobi equations constitute the classical limit of the Schro¨dinger
equations of the canonical and precanonical approaches.
Here we will show how the Hamilton-Jacobi equation of the DeDonder-Weyl theory
(DWHJ equation) [6, 7]
@S
 + H(ya; pa =
@S
@ya
) = 0 (3.1)
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can be related to the functional dierential Hamilton-Jacobi equation of the canonical
formalism:
@tS + H(y(x); (x) =
S
y(x)
) = 0: (3.2)
We basically shall argue that the following functional constructed from the DW








where ! := @ (dx
1 ^ dx2 ^ dx3 ^ dxt) and Stj := St(ya = ya(x);x; t) is a restriction
of the time-like component of S(ya; x)’s to , fulls the functional dierential HJ
equation as a consequence of the partial dierential DWHJ equation for S’s.
For simplicity, let us consider the specic case of the scalar eld. Then the DWHJ










m2y2 = 0 (3.4)











 = 0: (3.5)









The equation for Sj can be obtained from the DWHJ equation by noticing that when
acting on Sj the spatial derivative @i turns into the total derivative ddxi := @i+@iy(x)@y
last term of which should be compensated. Therefore, the equation for Sj assumes












m2y(x)2 = 0: (3.8)
Substituting @tS





















The second term under the integral does not contribute being a total divergence. The
third and the forth terms together lead to 1
2
(@iy(x))
2 because in the DWHJ theory
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@yS
i = pi and for the scalar eld pij = −@iy(x). We, therefore, obtained the func-
tional dierential HJ equation, eq. (3.5), as a consequence of the DWHJ equation
(3.4) restricted to the Cauchy surface  and a natural hypothesis (3.3) as to how the
Hamilton-Jacobi eikonal functional S is related to the DWHJ eikonal functions S.
Similar ideas will be used below to establish the interrelation between the functional
Schro¨dinger equation and our proposed Dirac-like wave equation for quantized elds.
The value of the present consideration is due to the fact that the Hamilton-Jacobi
equations (3.4) and (3.5) correspond to the classical limit of the Schro¨dinger equations
(1.2), (2.11) and (2.4), (2.5), respectively.
4 Canonical vs. Precanonical II: wave function(al)s and wave equations
As we have mentioned above, the wave function Ψ(ya; x) in eq. (1.2) is a probability
amplitude of nding the values ya of the elds in the space-time point x. It is natural
to ask how this quantity could be related to the Schro¨dinger functional ΨS([y
a(x)]; t)
which is known to be a probability amplitude of observing the eld configuration ya(x)
on a space-like hypersurface of constant time t. A related question is how the functional
dierential equation for the Schro¨dinger wave functional ΨS([y
a(x)]; t) is related to the
Dirac-like partial dierential equation for the function Ψ(ya; x).
An obvious idea is to view the probability amplitude of observing a conguration
ya(x) as a composition of single amplitudes of observing the corresponging values of
the eld ya = ya(x) at each point x. For this purpose we restrict the wave function
Ψ(ya; x) to a Cauchy surface : t = const; ya = ya(x), to obtain the function Ψj :=
Ψ(ya(x);x; t) which is a probability amplitude of observing the specic value ya(x) of
the eld in the space point x (at the moment of time t), and then construct a joint
probability amplitude of simultaneously observing the respective values ya = ya(x) at
all points x of an equal-time hypersurface with the time label t. This amplitude, to be
denoted Ψ([ya(x)]; t), then describes the same as the Schro¨dinger functional does. If
there are no space-like correlations it can be represented by the product over all spatial




where the continual product expression can be interpreted as follows:
∏
x
Ψ(ya(x);x; t) = e
∑
x








if the ordering problem due to the matrix character of Ψj and the problem of the
existence of the limit are ignored. This symbolic formula motivates the following well-
dened expression for the wave functional which is a quintessence of the above physical
idea:








where the trace serves to produce a scalar functional from the matrix expression in (4.2),
the (\very large") constant , according to its physical meaning of the ultra-violet cuto
in the k-space, replaces 1=(x)3 in (4.2), and the projector to the posititive frequency
part, (1 + ), is included under the trace for the reasons which will be shortly claried.
Let us nd now a functional dierential equation satised by the functional (4.3)
as a consequence of equation (2.12) for the wave function Ψ(ya; x) or, more precisely,
of the corresponding equation for its restriction to the Cauchy surface , Ψj :=
Ψ(ya(x);x; t). This equation is derived from (2.12) by a procedure which is identi-
cal to the one of deriving of equation (3.8) for Sj from the DWHJ equation for S,
which yields
i@tΨj = −ii d
dxi





Now, for the time derivative of Ψ([y(x)]; t) we obtain









where here and throughout the following calculation Ψ denotes Ψj = Ψ(y(x);x; t) and
the consideration is conned to the case of the one-component scalar eld y. In what
follows we also assume that Ψ is an invertible matrix, though this assumption can be
























As usual, the second functional derivative at equal points is not well dened due to
the (x = 0) terms present. It requires a regularization which essentially amounts to
replacing (0) with a momentum space cuto, which is already present in our theory
as the constant . Under this identication (regularization) the rst two terms in (4.7)

























The rst term under the integral reduces to the total divergence d
dxi
ln Ψ and does not












where it is used that (1 + ) = (1 + ), 2 = 1. This is where the projection to the
positive frequency part in (4.3) is crucial for the argument.























The rst two terms in (4.10) are identical to the corresponding terms in the functional
Schro¨dinger equation, eqs. (2.4), (2.5). Let us turn to the last term which by the aid











In order to interpret this term let us notice that the canonical Hamiltonian density
H := pt@ty − L can be represented in the form (c. f. denition of H in (1.1))
H(x) = Hj(x)− @iy(x)pij(x); (4.12)
where Hj(x) and pij(x) denote the quantities of the DW theory, the DW Hamiltonian
and the spatial polymomenta, restricted to the Cauchy surface . We know that the
operators of space-like polymomenta pi in precanonical scheme are given by −iγi@y (c.
f. eq. (2.10)). Then (4.6) suggests that their restriction to , the operators of pi(x),


























Consequently, eq. (4.10) can be viewed as the trace of the matrix functional Schro¨dinger
equation
i@tjjΨjj − Ĥ jjΨjj = 0; (4.15)
where jjΨjj is a matrix functional (formally) given by
jjΨjj = (1 + )e
∫
dx ln Ψ(y(x);x;t); (4.16)
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such that Ψ = tr(jjΨjj), and Ĥ is a matrix valued functional dierential operator



















Obviously, one would like to understand a relation between the Hamiltonian opera-
tor in (4.17) and the standard Schro¨dinger picture Hamiltonian operator ĤS, eq. (2.5),
in greater details. An immediate guess is that there exists a unitary transformation
which relates (4.17) to (2.5)
ĤS = e
−iNĤeiN; (4.18)































In order to obtain HS in the right hand side of (4.19) we rst have to ensure that
the terms proportional to 
y(x)
















which are consistent with each other and with (4.20) alike. The solution to (4.20) can
be written in the form




where di := @i (dy ^ dx1 ^ dx2 ^ dx3) (note, that  is not varied under y(x) ).
Obviously, the unitary tranformation generated by N leaves the m2y2(x) term in (4.17)















Thus, it is proven that the matrix Hamiltonian operator (4.17) can be unitarily trans-
formed to the standard Hamiltonian operator in the Schro¨dinger representation, eq.
(2.5). Correspondingly, the wave functional in the Schro¨dinger representation
ΨS = e
−iNΨ (4.24)
is proven to fulll the standard functional dierential Schro¨dinger equation, eqs. (2.4)
and (2.5), as a consequence of the formula (4.3) relating the wave functional to the
Cliord-valued wave function Ψ(ya; x) and the Dirac-like wave equation for the latter.
4.1 An example: the vacuum state functional
Let us demonstrate how the formula (4.3) can be used to construct the vacuum state
wave functional, eq. (2.6), from the ground state wave function of the precanonical
approach, eq. (2.14). The restriction of the latter to  reads
Ψ0j = e− 12κ qµγµy2(x) (4.25)
so that (ln Ψ)j = − 12qγy2(x). In order to evaluate
∫
dx ln Ψj we Fourier expand
y(x) and assume that the wave number of Ψ coincides with the wave number of y(x).
This allows us to write∫



















Substituting this result to (4.3) we obtain the standard vacuum state wave functional











as a result of the specic composition of the Cliord algebra valued ground state wave
functions (2.14) given by the formula (4.3).
5 Conclusions
In this paper we have demonstrated how the the standard functional Schro¨dinger rep-
resentation in quantum eld theory can be derived from the recently proposed pre-
canonical eld quantization which is based on a nite dimensional manifestly covariant
generalization of the Hamiltonian formalism to eld theory and leads to a Dirac-like
\multi-temporal" generalization of the Schro¨dinger equation on a nite dimensional
conguration bundle of eld variables over the space-time. Those are the sections of
this bundle which are the eld congurations whose space is innite dimensional and
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underlies the conventional canonical quantization. In essence, the Schro¨dinger wave
functional appears to be related to the continual product over all space points of the
values of the wave function fullling the above Dirac-like equation restricted to a Cauchy
data surface.2 The existence of the connection between the canonical and precanonical
approaches to eld quantization is an additional argument in favor of precanonical quan-
tization. It also allows us to properly interpret the constant  appearing in precanonical
quantization as a quantity of the ultra-violet cuto scale.
Note that the common innities of the canonical quantization approach, such as the
vacuum energy or the singularity in the second functional derivative in the Hamiltonian
operator, are not present in the precanonical approach. Our discussion clearly indicates
that these innities appear only as a result of constructing the functional objects from
the well dened quantities of the precanonical approach. Nevertheless, it would be too
hasty to assume that all innities in quantum eld theory are of this nature.
Furthermore, the equations of the precanonical approach are valid also in the space-
times which do not admit the (3 + 1) decomposition, i.e. are not globally hyperbolic,
and, therefore, do not allow to introduce the functional Schro¨diger representation. In
this sense the precanonical quantization seem to have a wider range of validity, though
its physical interpretation beyond the framework of globally hyperbolic space-times can
turn out to be not a simple task.
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